INTRODUCTION
Over the past 100 years, the inequality of top incomes has followed a U-shaped pattern in the United States, the United Kingdom, and Canada. The recent increase in top-income inequality has become an important topic in academic, policy, and media discussions in these countries. In other countries, such as Denmark, France, and Sweden, income inequality also decreased strongly in the first half of the twentieth century but did not rebound strongly afterward. Figure 1 plots the top 1 percent income share for all these countries. 1 Wage and salary income play a very important role in shaping top-income inequality patterns. First, wage and salary income has been the largest component of top incomes in the United States and Canada in recent decades (see Saez, 2003, and Veall, 2005) . Second, income inequality patterns resemble earnings inequality patterns over time.
For example, Figure 1 shows that both top income and earnings shares in the United States
We provide a common set of life cycle earnings statistics based on administrative data from the United States, Canada, Denmark, and Sweden. We find three qualitative patterns, which are common across countries. First, top-earnings inequality increases over the working lifetime. Second, the extreme right tail of the earnings distribution becomes thicker with age over the working lifetime. Third, top lifetime earners exhibit dramatic earnings growth over their working lifetime. Models of top earners should account for these three patterns and, importantly, for how they quantitatively differ across countries. (JEL D31, D91, H21, J31) have increased over time starting before 1980. For these reasons, discussions of the determinants of top-income inequality over time and across countries have focused on theories of top-earnings inequality.
The goal of this article is to document a common set of facts concerning the dynamics of the earnings distribution over the working lifetime. We focus on the United States, Canada, Denmark, and Sweden. For these four countries, administrative data on earnings are available to researchers under strict privacy protection arrangements. The datasets we employ have the following four common features: They are large, they do not truncate earnings, they cover Basic Top-End Inequality Facts NOTE: The income measure excludes capital gains, and the earnings measure is based on wages and salaries. For the United Kingdom, the sampling unit was changed in 1990, and there is a jump in the series in that year.
SOURCE: Income comes from The World Wealth and Income Database. The earnings measure for the United States is from Piketty and Saez (2003 update) .
several decades, and, importantly, they track individuals over time. These features allow us to document the top of the earnings distribution by age or by birth cohort. They also allow us to observe the annual earnings of individuals for more than 30 years of their working lifetimes. We find that the life cycle evolution of the earnings distribution for males follows three patterns, which are common across countries. First, top-earnings inequality increases over the working lifetime. Second, the extreme right tail of the earnings distribution becomes thicker with age over the working lifetime. Third, top lifetime earners exhibit dramatic earnings growth between their early and late working years. 2 There are important differences in the magnitudes of these facts across countries.
The patterns that we document provide empirical guidance for the specification and calibration of quantitative theoretical models aimed at understanding the distribution of earnings, income, and wealth within a given country. For many existing models of earnings distributions, these patterns also provide a challenge because these models lack forces generating extremely large earnings growth rates for top lifetime earners. The cross-country facts also provide a new challenge for quantitative theoretical work directed at understanding the underlying sources of cross-country differences in inequality. Ideally, a plausible quantitative theory should be able to account for cross-country differences in cross-sectional inequality and, simultaneously, account for the substantial cross-country differences in the three life cycle earnings facts that we document.
This article is closest to two literatures. First, there is a large literature that documents the life cycle evolution of the distribution of earnings, wages, and consumption. 3 This literature documents how summary measures of dispersion, such as the variance of log earnings, wages, or consumption, vary with age based on survey data, controlling for time or cohort effects. Our work focuses on quantiles of the earnings distribution by age and properties of the top 1 percent by age. Focusing on quantiles is useful because these can fully describe a distribution. Much larger sample sizes and the lack of top coding allow us to address the behavior of the top 1 percent of the distribution by age. The very top of the distribution is critical for optimal tax theory (see Huggett, 2017) as specific statistics of the top of the distribution enter formulae that determine optimal top tax rates. Second, a recent literature uses administrative data to describe the top of the earnings distribution over time. See, for example, Guvenen, Kaplan, and Song (2014) and Guvenen et al. (2015) . We differ because we focus on how three life cycle facts differ across countries.
This article is organized into four sections. Section 2 describes basic features of each dataset and provides inequality facts. Section 3 documents three facts that characterize the dynamics of earnings over the working lifetime. Section 4 discusses the ability of existing quantitative models of earnings and labor productivity to produce the three life cycle earnings facts that we document.
DATA
This section describes the earnings data, the samples, and some background facts.
Earnings Data
Our earnings data come from records kept by government agencies for administrative purposes. These datasets are not publicly available and are accessible only under special arrangements that protect personally identifiable information. Except for the United States, we directly access each country's microdata via the relevant statistical agency. For the United States, we lack access to the microdata, so we use the summary tables provided by Guvenen, Ozkan, and Song (2014) and Guvenen et al. (2015) .
The U.S. summary tables are based on data from W-2 forms of wage and salary workers held by the Social Security Administration. Their earnings measure includes wages and salary, bonuses, and exercised stock options. The data consist of a 10 percent random sample of males with a Social Security number in the period 1978-2011. The summary tables include minimum, maximum, mean, and various percentiles of the earnings distribution for each year and include percentiles by age and year.
The earnings data for Canada come from the Longitudinal Administrative Databank (LAD) administered by Statistics Canada. LAD is a 20 percent random sample of the Canadian population covering the period 1982-2013. The earnings measure we employ is total earnings from T4 slips plus other employment income. T4 slips are issued by employers to the Canadian Revenue Agency and contain employment income and taxes deducted. T4 slips include wages, salaries and commissions, and exercised stock option benefits. Other employment income includes tips, gratuities, and director's fees not included in T4 slips.
The tax registers for Denmark are provided by Statistics Denmark. The sample period is 1980-2013. Over the sample period, the registers provide panel data on earnings for more than 99.9 percent of Danish residents between ages 15 and 70. We focus on individuals never classified as immigrants in the data. The earnings measure we employ is the sum of two variables in the registers. The first variable measures taxable wage payments and includes fringe benefits, jubilee and termination benefits, and the value of exercised stock options. 4 It excludes contributions to pension plans and to ATP (the Danish Labour Market Supplementary Pension). The second variable is ATP contributions.
Earnings data for Sweden are provided by Statistics Sweden. We have access to earnings data for 1980, 1982, and 1985-2013 . The data cover the entire Swedish population with taxable income in a given year. The earnings measure is based on taxable labor market earnings reported by individuals' employers to the national tax authority. 5
Sample Selection
Cross-sectional samples are used to produce statistics by year or by age and year. Our cross-sectional samples for Canada, Denmark, and Sweden are designed to mimic the sample selection criteria employed in the U.S. sample. Thus, we employ harmonized samples that allow cross-country comparisons. The U.S. cross-sectional sample includes an individual earnings observation in a given year t if (i) the individual is a male age 25 to 60, (ii) earnings are greater than a time-varying threshold, denoted e t US , and (iii) self-employment income does not account for more than 10 percent of the earnings and does not exceed the e t US threshold. The threshold e t US employed by Guvenen et al. ( , 2015 is defined as half the minimum hourly wage in year t times 520 hours. Our cross-sectional samples for Canada, Denmark, and Sweden implement these three criteria: First, each sample includes only males age 25 to 60. Second, an earnings observation is included for a given county if it exceeds a threshold (e t CA , e t DK , e t SW ). Third, we implement the self-employment income criteria described above. 6 We provide a method to obtain harmonized samples across countries. For each country i  {CA,DK,SW} and year t, we calculate the minimum earnings threshold as the product of a common factor at time t, denoted factor t , and median earnings median t i :
The common factor t is based on the U.S. threshold and U.S. median earnings as follows:
Background Facts
We document a number of earnings facts based on our cross-sectional samples. Figure 2 shows that, over the full sample period, the share of earnings obtained by the top 1 percent is substantially higher in the United States and Canada than in Denmark and Sweden. Furthermore, top-earnings shares trend upward in the United States and Canada over the sample period. Top-earnings shares in Denmark and Sweden also increased over the sample period but by much less than in the United States and Canada. 7 The top income share patterns in Figure 1 resemble the earnings patterns we document. Figure 2 shows that the earnings distribution above the median in both Denmark and Sweden is more compressed compared with that for the United States. Each of the 90-50 earnings ratios for Denmark and Sweden is about three quarters of the U.S. ratio, whereas each of the 99-50 earnings ratios for Denmark and Sweden is roughly half the U.S. ratio. Thus, compression is stronger above the 90th percentile in these countries. Dividing one-half by three quarters implies that the 99-90 ratios in Denmark and Sweden have been roughly two-thirds of the U.S. 99-90 ratio. Figure 2 also shows that earnings dispersion above the 50th percentile increases in all countries over time. Specifically, over the sample period, the 90-50 and the 99-50 earnings percentile ratios increase for all countries. Figure 2 documents the evolution of the Pareto statistic of earnings at the 99th percentile over time. This statistic is defined as e -99 /(e -99 -e 99 ). That is, mean earnings beyond the 99th percentile, e -99 , divided by the difference between e -99 and the 99th percentile, e 99 . The figure also shows that the Pareto statistic at the 99th percentile has trended downward in all countries over the sample period. A lower value for the Pareto statistic implies a thicker upper tail in the sense that the mean, for observations above the threshold, is a higher multiple of the threshold. The Pareto statistic is particularly important in theories of taxation of top incomes or top earnings. It enters into formulas used to determine welfare-or revenue-maximizing top tax rates (see Huggett, 2017) . Lower values of the Pareto statistic imply, other things equal, a higher revenue-maximizing top tax rate. 
EARNINGS FACTS
We document the evolution of the earnings distribution over the working lifetime with a focus on properties of the upper tail of the distribution.
Fact 1: Top-Earnings Inequality Increases with Age
We determine how the earnings distribution above the median evolves with age. For example, we calculate the 99-50 earnings percentile ratio e 99,j,t /e 50,j,t for all ages j and all sample years t. We then estimate the time and age effects (α t ,β j ) or, alternatively, the cohort and age effects (γ c ,β j ) in the regressions below. An individual's birth year (i.e., cohort) is denoted c. Clearly, cohort c, current age j, and current year t are linearly related: c = t -j. The cohorteffects regression controls for cohort-specific effects that impact the 99-50 ratio for a cohort at any age, whereas the time-effects regression controls for time-specific effects that impact the 99-50 ratio for all age groups alive at that time. The variables D j ,D t ,D c are dummy variables that take the value 1 when the observation occurs at age j, year t, or cohort c, respectively. We employ a full set of age, year, and cohort dummy variables:
Cohort Effects: e 99,j ,t e 50,j ,t = γ c D c + β j D j + ε j ,t .
We use the estimated age effects β j to describe how the 99-50 earnings percentile ratio evolves with age. We plot the estimated age coefficients adjusted by a constant β j + k. The constant k is chosen so that the height of the age profile at age 45 equals the empirical 99-50 ratio for those age 45 years in 2010 for each country. 8 Figure 3 presents the results. The main finding is that the 90-50 and the 99-50 ratios tend to increase with age in all countries. In this sense there is fanning out in the top half of the distribution with respect to the median in all countries. The cohort-effects view produces a more dramatic pattern of fanning out compared with the time-effects view. The most striking pattern occurs for the 99-50 ratio. First, the 99-50 ratio is much larger at any age in the United States and Canada compared with Denmark and Sweden. Second, the 99-50 ratio roughly doubles from age 25 to age 55 in each country under the cohort-effects view. Thus, we conclude that there is growing earnings dispersion with age above the median and that this is driven by earnings beyond the 90th percentile.
Many studies have documented growth in summary measures of earnings or income dispersion with age for individuals or households based on dispersion measures such as the variance of log earnings or the Gini coefficient. The results in Figure 3 indicate that one reason summary measures display growing dispersion with age is because of the behavior of the very top of the distribution compared with the median.
To put these results into perspective, it is useful to characterize how real median earnings evolve with age. 9 Figure 4 provides the results of regressing real median earnings by age and time effects or age and cohort effects. Median earnings display a hump-shaped pattern with age in each country. Many previous studies have documented that male earnings or wage rates by age are hump-shaped over the working life. 10 Figure 4 shows that median earnings in the United States and Canada approximately double with age from age 25 to 50. This holds regardless of whether one controls for time or for cohort effects. In contrast, for Denmark and Sweden the time-effects view implies that the median earnings profile is flatter, with less than a doubling of median earnings. Focusing on the time-effects view across countries reveals substantial differences in the timing of the peak of the earnings profile. For the United States and Canada, median earnings peak near age 50, whereas for Denmark and Sweden the peak occurs in the early 40s. 
Fact 2: The Upper Tail Becomes Thicker with Age
Next we analyze how the Pareto statistic at the 99th percentile evolves with age. This is a way to describe how the thickness of the upper tail of the earnings distribution evolves with age. To do so, we run the two basic regressions from the previous section after replacing ratios of earnings percentiles with the Pareto statistic for each age-year pair. Figure 5 shows that the Pareto statistic declines with age in all countries. This holds in both the time-and cohort-effects regressions. Thus, the upper tail of the earnings distribution becomes thicker with age in each country in the sense that mean earnings beyond this thresh- Median Earnings by Age NOTE: The figure plots the estimated age coefficients after adding a vertical shift term, so each figure is normalized to equal 100 at age 45.
old is a growing multiple of the threshold with age. To the best of our knowledge, this fact has not been documented in the existing literature for a wide collection of countries. It is interesting to compare the Pareto statistic in different age groups with the Pareto statistic in cross-sectional data previously documented in Figure 2 . For the United States, the Pareto statistic at the 99th percentile in cross-sectional data is below 2 in the last two decades of the sample period. In Figure 5 , it is below 2 in the United States for age groups above age 40, while it is above 2 for age groups below age 40. This suggests that the cross-sectional Pareto statistic for the United States is largely determined by the earnings distribution for males age 40 and older. The same patterns hold in Canadian data. Thus, the cross-sectional Pareto statistic seems to be driven by the tail properties holding for older earners in both countries.
Fact 3: Top Lifetime Earners Have Dramatic Earnings Growth
We now use the longitudinal feature of each dataset. Earnings Growth by Lifetime Earnings Group NOTE: The figure plots the ratio of mean group earnings at age 55 to mean group earnings at age 25, as well as the ratio of mean group earnings at age 55 to mean group earnings at age 30 for groups sorted by percentile of lifetime earnings.
SOURCE: U.S. data are from Guvenen et al. (2015) . The results for the other countries are based on our calculations from country longitudinal data.
struct the cross-section sample, p t is a country price index in year t, and T is the set of years for which earnings observations are available. 11 We then sort males in the longitudinal sample into 100 bins based on the percentiles of the lifetime earnings distribution. Bin 100 corresponds to males with lifetime earnings above the 99th percentile, whereas bin 1 corresponds to males with lifetime earnings below the 1st percentile. Appendix A.1 describes the construction of the longitudinal data samples. Figure 6 contains two plots for each country. It plots the ratio of mean real earnings at age 55 to mean real earnings at age 25 for individuals sorted by lifetime earnings bins, as well as the ratio of mean real earnings at age 55 to mean real earnings at age 30. In both plots the grouping of individuals into lifetime earnings bins is unchanged. Thus, for a given country, the two plots differ only insofar as there is growth in real mean earnings for the group from age 25 to age 30. Figure 6 documents that earnings growth is greater for groups with larger lifetime earnings. It also documents the remarkable fact that the highest lifetime earnings groups (i.e., groups in lifetime earnings bins 96-100) have a much larger earnings growth rate than those with lifetime earnings close to the median (i.e., those in bin 50). The top lifetime earnings bin in the United States and Canada have a 13-to 15-fold increase in earnings from age 25 to age 55. The top lifetime earnings bin in Denmark and Sweden have a seven-to ninefold increase in earnings from age 25 to age 55. Thus, there are large, systematic differences in group earnings growth rates over the working lifetime, particularly at the very top. The large differences at the top imply that in each country, top lifetime earners tend to become top earners late in the working lifetime. We anticipate that Fact 3 will be particularly useful in empirically disciplining quantitative theories of top earners. We conjecture that theories built on temporary sources of earnings variation will struggle to produce Fact 3.
DISCUSSION
We close the article by discussing the potential relevance of the three earnings facts that we document for economic models of the distribution of earnings and wage rates over the working lifetime. We do so by briefly discussing two prominent articles that offer a quantitativetheoretical account of the changes in U.S. cross-sectional inequality measures. Heathcote, Storesletten, and Violante (2010) provide a quantitative-theoretical account for the changes in U.S. cross-sectional earnings, consumption, and hours inequality. The key exogenous driving force in their model is changes in transitory and persistent idiosyncratic productivity shocks. They measure the time-varying variances of these shocks from panel data on U.S. wage rates. They find that both transitory and persistent innovation variances increase over time. They then show that their model accounts for the rise in measures of U.S. household earnings and consumption dispersion, among other facts, based on the measured process for productivity shocks.
Models of Changes in Cross-Sectional Inequality
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Third Quarter 2018 249 Kaymak and Poschke (2016) provide a quantitative-theoretical account for changes in U.S. top-end wealth inequality over the past half century. They consider these three exogenous sources for the increase in U.S. wealth inequality: changes in taxes, transfers, and productivity shocks. They measure changes in U.S. corporate, estate, and income taxes over time, and they measure changes in the level and progressivity in Social Security benefits. Finally, they calibrate an idiosyncratic productivity shock process to match evidence for the rise in U.S. earnings/ wage dispersion over time. Their shock process captures persistent and transitory sources of variation. They find that the rise in wage dispersion, the change in taxes (i.e., decrease in some top tax rates), and the increase in transfers all contributed to the increase in top-end U.S. wealth inequality. They find a particularly important contribution from the increase in top-end wage dispersion.
Idiosyncratic Productivity Shocks
The articles by Heathcote, Storesletten, and Violante (2010) and Kaymak and Poschke (2016) stress the role of idiosyncratic productivity shocks. Productivity in their models corresponds to wage rates in the data. We now compare properties of the process used in these articles with the facts for earnings that we document.
While earnings and wage rates are not strictly comparable, we think the comparison is still useful. Many age patterns in wage rate data also hold in earnings data. For example, Heathcote, Storesletten, and Violante (2005) show that the rise in both the variance of log earnings and the variance in log wage rates happens with age in U.S. data by similar amounts. In addition, cross-sectional inequality in log earnings and in log wage rates rises by a similar magnitude as documented by Heathcote, Storesletten, and Violante (2010) . Finally, it is widely believed that productivity differences (i.e., earnings per work hour) are key in accounting for the earnings of top earners in U.S. data rather than work-hour differences.
The process used in each article is summarized below. Kaymak and Poschke (2016) model a worker's productivity as a finite Markov process, where the transition probabilities are given by the matrix Π. Productivity w takes on six values (z 1 ,…,z 6 ), where z 6 corresponds to an extraordinarily high level of productivity. 12 Heathcote, Storesletten, and Violante (2010) model log productivity as the sum of an age component μ j+1 , a persistent shock η j+1 , and a purely transitory shock ν j+1 . The age component is common to all agents of age j+1, whereas the shock components are agent specific:
) log w j+1 = µ j+1 +η j+1 +ν j+1 , and η j+1 = ρη j +ω j+1 .
We now simulate 2 million wage histories from age 20 to age 60 using the KaymakPoschke process above. The inputs are an initial distribution, the workers matrix Π above, and the six productivity values. 13 We highlight the implications of the Kaymak-Poschke process for Fact 3 from Section 3.3. Figure 7 presents ratios of earnings across ages for different lifetime earnings groups in the Kaymak-Poschke model and in U.S. data from Figure 6 . A measure of lifetime earnings is computed for each agent in the model based on earnings from age 25 to age 60. Agents are then placed into 100 bins according to their percentile of lifetime earnings. Thus, U.S. data and model data are treated symmetrically. Figure 7 shows that the ratios in the model data are typically below the corresponding ratios found in U.S. earnings data. This holds most strikingly for the several highest lifetime earnings bins. For the highest bin in the Kaymak-Poschke model, the earnings ratio is below 2.5 for both the 55-25 age ratio and the 55-30 age ratio. In contrast, the corresponding ratios for the highest earnings bin in U.S. data are roughly 15 and 7.
One possible reason for the difference between the model and U.S. data is that there is mean reversion at the highest productivity state z 6 back to lower productivity states. Such mean reversion is one reason the model successfully concentrates a large fraction of wealth held by top wealth holders similar in magnitude to that found in U.S. data. Agents with shock z 6 save a large part of their labor income because this state is, to an important degree, transitory. 14 We conjecture that models that rely only on purely temporary sources of earnings variation to account for the extreme right tail of the earnings distribution will also fail to produce the strong earnings growth for top lifetime earners documented in Figure 6 . We suspect that simulations of productivity from the Heathcote-Storesletten-Violante model will also be below the patterns found in U.S. data for top lifetime earners. This is because their model relies on a persistent but mean-reverting component and a purely temporary component to account for the right tail of the productivity distribution.
We conjecture that models that allow for systematic differences in earnings growth over the working lifetime will be important to account for the earnings profiles of top lifetime earners. Human capital models are promising in this regard. Specifically, some human capital models allow agents to permanently differ in learning ability. Those with high learning ability optimally choose steeper mean earnings profiles via an investment in skill formation. Badel, Huggett, and Luo (2018) provide a model with this feature that can produce the properties that we document in Facts 1-3. Learning ability differences also help produce Fact 2-the fall in the Pareto statistic with age. The mechanism is the same. High productivity agents make skill investments, even late in the working lifetime, and these investments are a force that cause the earnings of agents above the 99th percentile within an age group to grow faster than those at the 99th percentile. n
APPENDIX A
A.1 Longitudinal Samples
For Canada, our raw data consist of all individuals in the LAD dataset. The LAD is a 20 percent random subsample from the Canadian population that either filed a T1 form or received Canadian child benefits in any year since 1982 and had a social insurance number. 15 For Denmark we use tax registry data kept by Statistics Denmark. For Sweden we use tax registers kept in the Income and Taxation Register of Statistics Sweden. These data come from the Swedish Tax Agency, which collects information from virtually all persons who are Swedish citizens or who hold a residence permit.
We construct a longitudinal sample for Canada, Denmark, and Sweden. These three samples mimic the construction of the U.S. longitudinal sample described in Guvenen et al. (2015) . The sample period is 1982 for Canada, 1980 for Denmark, and 1980 , 1982 , and 1985 for Sweden. Thus, the sample period for each country spans a horizon of more than 30 years.
Our longitudinal sample for each of these three countries contains all individual histories that satisfy Conditions 1-4 below. The following notation is employed: e t i is individual i's nominal earnings, e t is a minimum nominal earnings threshold, and se t i is individual i's selfemployment income. (1) The individual is male and age 24, 25, or 26 in the first year of the sample period. (2) The individual has a valid non-missing earnings observation in every year of the sample period. (3) There are more than 15 years for which e t i > e t . (4) There are less than 9 years for which se t i > max{e t ,0.1e t i }. We now provide a brief discussion of the specifics of imposing Conditions 1-4 in the longitudinal samples for each country. Condition 1 is straightforward to implement. All properties of mean earnings for groups by age are understood to be for the central age within the group. Condition 3 is straightforward to implement in each country. We simply employ the threshold used in the construction of each cross-sectional sample. We implement Condition 4 in Canada and Denmark by using the self-employment income measure described in Section 2 and employed in the construction of the cross-sectional sample. The longitudinal samples contain the following number of males after rounding to the nearest 100: (1) Canada 65,000, (2) Denmark 73,300, and (3) Sweden 143,400.
A.2 Pareto Statistic from SSA Data
Pareto statistics at the 99th percentile are not provided by Guvenen et al. ( , 2015 . Based on the statistics provided, we estimate the Pareto statistics for the United States in two different ways. First, for the Pareto statistics depicted in Figure 2D , we use the 99th and 99.999th percentiles of earnings, provided by for each sample year, to estimate the coefficient of a Type-I Pareto distribution for earnings above the 99th percentile. Such coefficient is the Pareto statistic. For the Pareto statistic at the 99th percentile by age group and year used to create the life cycle profiles in Figure 5 , we employ the method described in Badel, Huggett, and Luo (2018) , which uses the 95th and 99th percentiles that are provided by age group and year, to estimate a Pareto distribution for earnings above the 95th percentile. 
NOTES
